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I Introduction 

1.1 Free bosonic representations 

Infinite-dimensional highest weight representations and the corresponding vertex opera- 
tors UJ of quantum affine (super) algberas are two ingredients of great importance in the 
algebraic analysis of lattice integrable models p], |3|. Under some assumptions on the 
physical space of states of the models, this algebraic analysis method enables one to com- 
pute the correlation functions and form factors of these models in the form of integrals 

§,1,11,1. 

A powerful approach for studying the highest weight representations and vertex op- 
erators is the bosonization technique ]7|, || which allows one to explicitly construct these 
objects in terms of the q-deformed free bosonic fields. 

Free bosonic realization of level-one representations and the associated vertex op- 
erators has been constructed for most (twisted or untwisted) quantum affine algebras 
]7|, ||, |9], [TO], |TT| . This bosonization technique has recently been extended to the type I 



quantum affine superalgebras U q [sl(M\N)}, M ^ iV pf and U q [gl(N\N)} 0. Level-one 



representations and vertex operators of these two cases have been constructed in terms 



of q-deformed free bosonic fields. (See also |L4| and |TI| for the special [/q[s/(2|l)] and 
U q [gl{2\2)] cases , respectively.) 

1.2 Highest weight irreducible representations 

For most quantum affine bosonic algebras, the level-one free bosonic representations are 
already irreducible. However, for U q [sl(M\N)], M ^ N or M = N, such free bosonic 



representations, which were constructed in |L2], [131 ) are not irreducible in general. It 
is interesting (and important for applications) to construct irreducible highest weight 
representations out of the reducible ones. In [12|, [J and [16| the level-one irreducible 



highest weight representations of ?7 9 [s/(2|l)] and t7g[gZ(l|l)] have been investigated in 
details. The method adopted in these papers is to look for suitable projection operators 
and then applying them to decompose the reducible representations into a direct sum of 
irreducible ones. The characters and supercharacters associated with these irreducible 
representations can then be computed by the BRST resolution. 

1.3 The present work 

In the first part of this work, we determine the exchange relations of level-one q-vertex 
operators of U q [gl(N\N)} by using the free bosonic realization given in fl3"fl . We also give a 
Miki's construction of the super Reshetikhin-Semenov-Tian-Shansky (RS) algebra |T^J for 



U q [gl(N\N)] at level-one. The second part of this work is devoted to a detailed study of 
level-one irreducible highest weight representations of U q [gl(2\2)} and the corresponding 
vertex operators. We compute the characters and supercharacters associated with all 
these irreducible representations. 

The paper is organized as follow. In section II we briefly review the bosonization of 
U q [gl(N\N)] given in ]n|. In section III we obtain the free bosonic realization of the level- 
one vertex operators of U q [gl(N\N)] by extending the results in [|13|] for U q [sl(N\N)]. In 
section IV we determine the exchange relations of these vertex operators. In section V, we 
study in details the level-one irreducible highest weight representations of U q [gl(2\2)] and 
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the associated with vertex operators. The characters and supercharacters corresponding 
to these irreducible modules are computed. 



II Bosonization of U q [gl(N\N)] at Level-One 
II.l Drinfeld basis of U q [gl{N\N)] 

Let i = 0, 1, • • • , 2N — 1} denote a chosen set of simple roots of the affme superalgebra 
sl(N\N) @. As in m, we choose the following non-standard system of simple roots, all 
of which are odd, 



a = 5 - e x + e 2 n , 

a, = e,-e,+i, Z = 1, 2, • • • , 2N - 1 (II.l) 

with 5, {e/c}|=i satisfying^ (5, 5) = = 0, {e k ,e k ,) = (-l) k+1 5 kk t. Exending the 

Cartan subalgebra of sl(N\N) by adding to it the element 

2V 



— ; 

fc=l 

we obtain an enlarged Cartan matrix with elements 
Explicitly, 



/ -1 
-1 

1 



(oi.ar,-), i,j = 0, 1,2, 



-2 \ 



(II.2) 
■,2N. 



1 





V -2 



-1 -2 
-10 2 
■••2 / 



(II.3) 



Then the Cartan matrix (<%), i,j = 1,2, •■ ■ , 2N is invertible, which is essential in the 
construction of q-vertex operators. 

We denote by TC the extended Cartan subalgebra and by H* the dual of TC. Let 
{ho, h\, ■ ■ ■ , /i27v, d} be a basis of 7Y, where hiN is the element in TC corresponding to a 2 N 
and d is the usual derivation operator. We identify the dual 7i* with Ti via the form ( , ) . 
Let {A , Ai, • • • , A 2 n, 5} be the dual basis with Aj being fundamental weights. Explicitly 



2N 



2N 



A*=Ao + E(-l) fc+1 ^-^E(-l 



fc=i 



(II.4) 



k=l 



where i = 0, 1, • • • , 2A^ — 1. Obviously, Ti (TC*) constitutes the (dual) Cartan subalgebra 
of gl(N\N). 

The quantum affine superalgebra U q [gl(N\N)] is a quantum (or q-) deformation of 
the universal enveloping algebra of gl(N\N) and is generated by the Chevalley generators 



3 



{d, fi q h \ d\i = 0, 1, • • • , 2N - 1, j = 0, 1, • • • , 2N}. The Z 2 -grading of the Chevalley 
generators is [ej] = [fi] = 1, i = 0,1, ■ ■ ■ , 2N — 1 and zero otherwise. The defining relations 
are 

hti = h'h, V/l G W, 

q h J ei q- h J = q a »ei, [d, ej = te, 

'/'./// '" '/ " [d,/i]=-<Wi, 

g-g" 1 

[e», et'] = [/», /*'] = 0, for a iV = 0, 
[[eo,ei] r i, [e Q , e 2 Ar-i] 9 ] = 0, 

[[ e li e l-l)q<.-Dh [ e l, e l+l) q (-l) i + 1 ) = °> 
[[^N-U^N-^lq- 1 , [C2N-1, e o]q] = 0, 
[[/o, /l]?" 1 ' [/o, /2JV-1U = 0, 

[/ij fl+l] q (-l) l + 1 ] — 0) 

[[/2AT-X, /av-^-i, \fm-i, M = 0, Z = 1, 2, • • • , 2N - 2. (II.5) 

Here and throughout, [a,b] x = ab — (— l)^- a ^xba and [a, 6] = [a, 

U q [gl(N\N)] is a Z 2 -graded quasi-triangular Hopf algebra endowed with the following 
coproduct A, counit e and antipode S: 

A(h) = h <g> 1 + 1 ® h, 

A(ei) = e* <g> 1 + g ft< ® e i; A(/i) = /; ® g~^ + 1 ® 

e(e<) = e(/0 = e(/i) = 0, 

Sfe) = -g-^ej, S(fi) = -f iq hi , S(h) = -h, (II.6) 

where i = 0, 1, • • • , 2N — 1 and h ETi. Notice that the antipode S is a Z 2 -graded algebra 
anti-homomorphism. Namely, for any homogeneous elements a, b G t/g[grZ(iV|iV)] S(ab) = 
(—iy a il°\S(b)S(a), which extends to inhomogeneous elements through linearity. The mul- 
tiplication rule on the tensor products is Z 2 -graded: (a £g> b)(a' ® b') = (— l)^ a l(aa' ® 66') 
for any homogeneous elements a, b, a 1 , b' G U q [gl(N\N)] 

U q [gl(N\N)] can also be realized in terms of the Drinfeld generators [0 {X^ 1 , H 3 n , 
q ±H o, c, d\m G Z, n G Z - {0}, i = 1, 2, • • ■ , 2N - 1, j = 1, 2, • • • , 2iV}. The Z 2 -grading 
of the Drinfeld generators is given by [X^'*] = 1 for all i = 1, • • • , 2N — 1, m G Z and 
[Hi] = [Hi] = [c] = [d}=0 for all j = 1, • • • , 2JV, neZ - {0}. The relations satisfied by 
the Drinfeld generators read p(| |17], [1^ 



[c, a] = [d, Hi] = [H J Q , H?] = 0, Va G U q [gl{N\N)] 
q^X^q-^ = q ±ai >X±>\ 
[d,Xt l ]=nXt\ [d,Hi]=nHi, 

,m rrj'l r [gjHgHj 
Wn^ml = <Wm,0 ~ , 

rm _ i [ a ij n \q y±,i =F|n|c/2 

q — q i- \ i 
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[-^n+l> -^-m' 1 }q ±a n' ~ [^m+l^n' l }q ±a n' = 0> 



+ [[X^Xff- 1 ]^, [X±> l ,X±' l+1 ] qi _ 1)l+1 ] = 0, J = 2, ■ • • ,2N - 2. (II.7) 
where [x] q = (q x — q~ x )/(q — q^ 1 ) and ip^ are related to H± n by relations 

£ = 9 ±H ° exp (±( g - g- 1 ) £ ffL^J • (H.8) 

neZ V n>0 / 

The Chevalley generators are related to the Drinfeld generators by the formulae 

h = K e i = Xp\ fi = Xo>\ i = l,2,...,2JV-l, (II.9) 

2JV-1 

h 2 N = Hq N , h = c — ^2 H*, 

k=l 

e = [X ^-\ [X^ N -\ [X^, [X^,Xp\] rl ■ ■ q ~^ H K 

/o = (_i)V^°[[- ■ ■ [[x±?,xP] r >,x+X ■ ■ .,x^ N -\-,,x^ 



q-h^o iq- 

(11.10) 

II. 2 Free Bosonic realization of U q [gl(N\N)] at level one 

In this subsection, we briefly review the bosonization of U q [gl(N\N)] at level one fl3f . 

which satisfy the commutation relations 
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Introduce bosonic oscillators {a J n , c n , Q aJ , Q c i\n G Z, j = 1, 2, ■ ■ • , 2N, Z = 1, 2, • ■ ■ , iV} 



K, aC\ = (-iy + %'S m+n , [ ^-, K, Qj] = 5 jf , (11.11) 



hi 2 

[4 41 = Mn+m^, [4, QA = S U , (11.12) 

The remaining commutation relations are zero. Associated with these bosonic oscillators 
are the q-deformed free bosonic fields 

A3 

W{z- k) = Q A3 +Ai\nz-YZ rf q Klnl z~ n , (11.13) 

C l 

''it 



c*(*) = Q c , + c'lnz - £ (11.14) 
Hi(z) = ±(q - q- 1 ) £ ± A* In q. (11.15) 



n>0 



Here, 



^ = (< + < +i J , Qa> = Qa> - Q*», * = 1, 2, • • • , 2N - 1, (11.16) 

n , -n 2N 2N 

ai n = q —^-i:(-±y +l ^ qa>» =HQ al . (H.17) 
z i=i i=i 
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Let us define the Drinfeld currents 

X^{z) = £ X^z-™- 1 , i = 1, 2, • • • , 2N - 1 



nSZ 



^(*) = 5>^~ n , J = l,2,---,2iV. 



Then , 



Theorem 1 (fiT^]): The Drinfeld generators of U q [gl(N\N)] at level one are realized by 
the free boson fields as 

c=l, 

^{z)=e H ^ z \ j = l,2,-->,2N, 

X ± \z)=:e ±Hl{z ^ ) Y ± ^(z):F^\ i = 1, 2, ■ • • , 2N - 1, (11.18) 
fc-i fc 

i=l Z=l 
y-,2fc-l/ \ _ 1 ( p -c k (qz) _ -c k {q-^z)\ 

[Z) ~ z(q-q-^y e 6 )> 

Y + > 2k (z) = Y-> 2k -\z) = , 1 -rr (e- ck ^ - e- ck ^ lz A , 

z(q — q l ) v ' 

Y-' 2k (z) = -Y + > 2k ~\z) = -e ck{z \ k = 1,2,...,JV. (11.19) 

III Bosonization of Level-One Vertex Operators 

We consider the evaluation representation V z of £/ g [gZ(iV|iV)], where V is an 2iV-dimensional 
graded vector space with basis vectors {vi,v 2 , ■ ■ ■ ,v 2 n}- The Z 2 -grading of the basis 
vectors is chosen to be [vj] = Let ejj> be the 2N x 2N matrices satisfying 

£i,jVk = SjkVi. Denote by V* s the left dual module of V defined by 

(a • v *)(v) = {-l) [a][v * ] v*{S{a)v), Va e U q [gl{N\N)), v e V, v* e V*. (III.l) 

Namely, the representations on V* s are given by 

7r v ,s{a) = n v {S{a)) st , Va e U q [gl(N\N)}, (III.2) 

where st denotes the supertansposition defined by (Aij) st = (— l^'KM+bDA^. Let V* s be 
the 2iV-dimensional evaluation module corresponding to V* s . 

In the homogeneous gradation, the Drinfeld generators are represented |H| on V z by 



m 

2N _ m [2 m ]q r 



7?) 



1=1 
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N 



+ E (1 - N+ (I - 1)(1 - q m )) (ea-La-! + e 2 , 



2/ ; 



2A ; 



-l) i+1 (e M + e 



fc=l 



and on V* s by 

n m — y~ L ) T [Q Z) \ e i,i + ej+l,i+lj, 



2A 



A? 



#0 



i=i 

+ J2(l-N + (l-l)(l- q- m )) (eaz-La-! + ea 
z=i 

2iV 

-l)*(ei,i + e m , i+1 ), # 2iV = ^(-l) fc e M , 



A? 



2/ J 



fc=l 



-(-l)Y- 1)l (^"Vm, X- = (g--,) m e M+1 , 



where z = 1, • ■ • , 2N - 1, a* = = ( ~ 1} ' 2 +1+1 - 

Let V^(A) be the highest weight ^[^/(iVlAQj-module with the highest weight A. Con- 
sider the following intertwiners of Lfg[g/(iV|iV)]-modules 0: 

(III.3) 
(III.4) 
(III.5) 
(III.6) 





» ■■ 


V(A) - 




<* 




V(A)- 


- vQm) ® v; 5 




» = 


V(A)- 








V(A) - 





They are intertwiners in the sense that for any x G U q [gl(N\N)} 
E(z) ■ x = A(x) ■ E(z), E(z) = $f (z), <* (*), ^(z), 



(III.7) 



These intertwiners are even operators, that is their gradings are [$^(2)] = [<&^ v (-2)] 



= [*); M (z)] = 0. According to §, $f (z) ($f (z)J is called type I (dual) ver- 
tex operator and ^^(z) (ty^ ^(z)^ type II (dual) vertex operator. The vertex operators 
can be expanded in the form 



2N 2N 



i=i j=i 

2W 



(III.8) 
(III.9) 



Following 13], we introduce the combinations of bosonic oscillators: 



2JV-1 



K = E *u< + ^r— zr^VC , i = 1, 2, • • ■ , 2iV - 1, (lino) 



g n + q 
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2N 

A* n 2N = 2NY,a^Al n^O, (III.ll) 
1=1 

2N 2N 

Al j = Y, a Ji %A l Q# = Y, a liQAh J = l,2,---,2iV, (111.12) 

1=1 i=i 

and define the currents 

A *j 

H*>3(z-K) = Q* AJ +A* o nnz-Y,Tf qkHz ~ n > J = M,---,2iV-l, (111.13) 

n^O \- n \<l 

A*2N 

B m (z; k) = Q% N + A* 2N lnz- £ -^-q^z^, (111.14) 

n^O \- n \l 
at _ i A*2N 

Bi(z; k) = g> + A* 2N \nz + — — £ (111.15) 

iV n^O L n J? 



Consider the even operators 

2iV 2Af 

0(2) = y, <t>A z ) ® "i. = E ® u i' 
^(*) = E ^ ® ^-(*)> = E w i ® 

They obey the same intertwining relations as (2), and 

respectively. 

Intertwining operators which satisfy (|IH.7|) for any x G U q [sl(N\N)} have been con- 



structed by one of the authors [JHJ. We extend the result to U q [gl(N\N)] by requiring 
that the vertex operators found in (jTSJ also satisfy (|111.7| ) for the element x = (which 
extends U q [al(N\N)] to U q [gl(N\N)]). We find 

(-i)ViW = , /i]^, 

#(z) =: e^teD+^^l) . g^Ar^ 

g(- 1 ) i+ V; +1 (z) = ^(^),^ (? (- 1 )^, 

^(z) =: e-^' 1 ^;-!)-^^-!) . e -v^T^ /; 

= ty>i(s) ,e«] g( _ 1)i+ i, 

(-l^V" 1 ^*) = W +1 (z) , e^, (HI.16) 
where the g-difference derivative d z is defined by 

(g-g- 1 )^ 

and iV/ = XlHi a o' * s the Fermi-number operator satisfying 

(-l)*'5(s) = (-l)^E(z), for S(*) = X**{z), (*), 

Since *a"(^) and #I V (z) obey the same intertwining relations as (f>(z), 

<f)*(z), ip(z) and ip*(z) respectively, we have 
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Proposition 1 : The vertex operators $^ (z), $^ (z), ^ x ^(z) and \1/ A ^(z), if they 
exist, have the same bosonized expressions as the operators 4>(z), 4>*{z), ip{z) and ip*(z), 
respectively. 



IV Exchange Relations of Vertex Operators 

In this section, we derive the exchange relations of the type I and type II bosonized 
vertex operators of U q [gl(N\N)]. As expected, these vertex operators satisfy the graded 
Faddeev-Zamolodchikov algebra. 



IV. 1 The R- matrix 

Let R{z) G End(V <g> V) be the R-matrix of U q [gl(N\N)], defined by : 

2N 

R(z)(vi <g> vj) = R u( z ) v k ® vi, Vu i; vj,v k , vi G V, (IV.17) 

k,l=l 

where 

D 2Z-1,2Z-1/ \ ~i r>2l,2l{ \ Zq 1 — q 

Vl^-lW = 1 . R 2l,2l{Z) = „„_„-! » ' = l,2,-'-,iV, 
2! — 1 

zq — q 1 

J zq — q 1 

R % li{z) = 0, otherwise. 

The R-matrix satisfies the graded Yang-Baxter equation on V" ® V" ® V 

#i 2 (2)i2i 3 (2w)#23(w) = -R 2 3(w)-Ri 3 (^)-Ri2(2;), 

and moreover enjoys : (i) initial condition, R(l) = P with P being the graded permutation 
operator; (ii) unitarity condition, R\2{—)R2i{ — ) = 1 , where R2i(z) = PR\2{z)P] and (iii) 
crossing-unit arity, 

R- 1 ^(z)R(z) stl = - t {Z ~ 1)2 

(q 1 z-q)(zq-q 

The various supertranspositions of the R-matrix are given by 

(i2*(«))g = R%(z)(-l) [m+lk]) , (R st2 (z))% = Rg(z)(-1)WM*W>, 
(iT' 12 (z))g = R%( z )(-l)M+mii\+\j]+lk]+[i]) = R ^ z y 



IV. 2 The graded Faddeev-Zamolodchikov algebra 

We calculate the exchange relations of the type I and type II bosonic vertex operators of 
U q [gl{N\N)\ given by ( FITTED . Define 

<t> dzf(z) = Res(f) = for a formal series function f(z) = ^2 f n z n - 
J nez 
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Then, the Chevalley generators of U q [gl(N\N)] can be expressed by the integrals 

d= I dzX + ^(z), fi= I dzX-\z), i = l,2,---,2JV-l. 

One can also get the integral expressions of the bosonic vertex operators <f)(z), <j)*(z), 
ip(z) and <f)*(z) from ( |III.16| ). Using these integral expressions and the relations given in 
appendices A and B, we arrive at 

Proposition 2 ; The bosonic vertex operators defined in ( III.16J satisfy the graded 
Faddeev-Zamolodchikov algebra 

2N 

z i k,i=i z i 

2N 

rd^wM) = (-) 2 ^ E w:(«i)(-i) WKI , (iv.i9) 

ftlzitfitfr) = (— J 2 -*^ W;(«i)(-1) MW . (IV.20) 
21 

In the derivation of this proposition the fact that R^(z)(—l)^ k ^ = R k j(z)(— l)Mb1 is 
helpful. 

We can also generalize the Miki's construction to the U q [gl(N\N)] case. Define 

L-{z)i = u^ l/2 WM 1/2 )- 



Proposition 3 : The L-operators L (z) defined above give a realization of the super RS 
algebra [D{] at level one for the quantum affine superalgebra U q [gl(N\N)] 

R(z/w)L±(z)L±(w) = Lf(w)Lf(z)R(z/w), 
R(z + /w-)Lt(z)L 2 (w) = L 2 (w)Lf(z)R(z-/w + ), 



where Lf(z) = L^(z) (g> 1, Lf(z) = 1 <8> L^{z) and z ± = zq 



±4 



Proof. Straightforward computation by using ( |IV.18|) -( [IV.20|) 



V Highest Weight Representation of U q [gl(2\2)] and 
Associated Vertex Operators 

In this section we study in details the irreducible highest weight representations of U q [gl(2\2)] 
and their associated vertex operators. 

V.l Highest weight L^[g/(2|2)]-modules 

We begin by defining the Fock module. Denote by i 7 Ai,A 2 ,A3,A4;A5,A 6 the bosonic Fock spaces 
generated by a l _ m , c l _ m {m > 0) over the vector |Ai, A 2 , A 3 , A 4 ; A 5 , A 6 >: 



A A ...- r 2 r 2 



|Ai, A2, A3, A4; A5, A6 >, 
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where 

I Ai, A 2 , A 3 , A 4 ; A 5 , A 6 >= e^ti ^Q a i+^+XeQ c2 )0 > 

The vacuum vector |0 > is defined by a l m \0 >= c l m \0 >= for % = 1, 2, 3, 4, 1 — 1,2 and 
m > 0. Obviously, 

a l m \\i, A2, A3, A4; A5, A6 >= 0, for i = 1, 2, 3, 4 and m > 0, 
c4|Ai, A 2 , A 3 , A 4 ; A 5 , A 6 >= 0, for I = 1,2 and m > 0. 

To obtain the highest weight vectors of U q [gl(2\2)}, we impose the conditions: 

ej|Ai, A 2 , A 3 , A 4 ; A 5 , A 6 >= 0, i = 0, 1, 2, 3, 

hj\Xi, A 2 , A 3 , A 4 ; A 5 , A 6 >= A J |Ai, A 2 , A 3 , A 4 ; A 5 , A 6 >, j = 0,1,2,3,4. (V.l) 
Solving these equations, we obtain the following classification: 

1. (Ai, A 2 , A 3 , A 4 ; A 5 , A 6 ) = (P, — /3, f3, —f3\ 0, 0), where (3 is arbitrary. The weight of this 
vector is (A , A 1 , A 2 , A 3 , A 4 ) = (l, 0, 0, 0, 4/5). We have |A +4/3A 4 >=\(3, -p, p, -p; 0, >. 

2. (Ai, A 2 , A3, A 4 ; A5, Xq) = (P + 1, — P — 1, P + 1, —f3\ 0, 0), where P is arbitrary. The 
weight of this vector is (A , A 1 , A 2 , A 3 , A 4 ) = (0, 0, 0, 1, 4/5 + 3). We have |A 3 + (4/3 + 
3)A 4 >=\p + 1,-P-1,P+1, -p; 0, >. 

3. (Ai, A 2 , A3, A 4 ; A5, Xq) = (P + 1, —P — 1 + a, P, — /?; —a, 0), where P is arbitrary. The 
weight of this vector is (A , A 1 , A 2 , A 3 , A 4 ) = (0, a, 1 - a, 0,4/3 + 2 - a). We have 
\aA x + (1 - a)A 2 + (Ap + 2 - a)A A >=\p+l,-p-l + a, p, -p; -a, >. 

According to this classification, we introduce the Fock spaces 

3~\ ((0,l);/3) — ®i,j,kezF/3+i, -/3-i+j, /3-j+k, -/3-k; i-j, k, (V.2) 
J~{(\,Q)-,P) = ®i,j,k£zFp+l+i, -P-l-i+j, /3+1-j+k, -/3-k; i-j, ki (V-3) 
^{a;P) — ©i,j,fceZ-F/3+l+i, -/3-1+a-i+j, /3-j+k, -/3-fc; -a+i-j, k- (V.4) 

It can be shown that the bosonized action of U q [gl{2\2)] on J 7 ^-^ is closed, i.e. 

U q \gi(2\2)]^ ;0) = Ffrfi, for * = (0, 1), (1, 0), a. 

Hence each Fack space in (|V.2|) - ([V.4|) constitutes a U q [gl (2\2)}-modu\e. However, these 
modules are not irreducible in general. To obtain the irreducible representations, we 
introduce two pairs of "fermionic" currents 

rj^z) = ]T Vn^ 11 - 1 =: e cl{z) :, f (z) = ^ &z~ n =: e~ c ^ :, i = 1, 2. 

neZ neZ 

The mode expansion of rf{z) and C( z ) is wen defined on ^((o,i) ; /3),^ r ((i,o);/3) an d 3~{a;P) with 
a G Z, and the modes satisfy the relations 

€X + CnCm = + Vivtn = > + Vn£n = <W,0 , i = 1,2, (V.5) 

^m>n ^n^m ^mVn Vn^m Vm^n >>nUm VmVn VnVm V * '^V 

Thus, we have the direct sum decompositions 

-7>;/3) = vlilvlil? {*-,?) ® Vo£o£oVoF(*;P) © ilvlvlil^{*-,i3) ® ZWoilrilF{*-,p)i (V.7) 
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with * = (0, 1), (1, 0), a e Z. As usual, we name 

KCoker\ T( ^ } as vl^oV^(*;f3), 

CCoker\ T{ ^ as $Vo$VoF(*;/3)- 

Since and ^ commute (or anticommute) with the bosonized actions of U q [gl(2\2)], 
KKerlf.^, CKer]?,^, KCoker\j: , p) and CCoker\^, 0) are all the f/ g [(7/(2|2)]-modules. 

From now on, we study the characters and supercharacters of these £/g[gZ(2|2)]-modules 
which are constructed in the bosonic Fock spaces. We first of all bosonize the derivation 
operator d as 

m 2 3 1 
A - V fV A i A*' 1 A A 4 A* A A-r l r^A-r 2 r 2 \ 

" kE 4^ + 4(4 + 1) + cg(cg + 1)}. (V.8) 
z i=i 

One can easily check that this d obeys the commutation relations 

[d,hj] = 0, [d,hU=mhl, [d,X% i ]=mX±> i , j = 1,2,3,4, i = 1,2,3, 

as required. Moreover, we have [d,£ l ] = [d,i] l ] = for 1 — 1,2. 

The character and supercharacter of a C/ g [giZ(2|2)]-module M are defined by 

Ch M (q,x 1 ,x 2 ,x 3 ,x 4 ) = tr M (q- d x^x^x^x^), (V.9) 



Sch,M(q, x±, x 2 , x 3 , X4) = StrM{q x l 1 x 2 2 x 3 3 x 



1 



= tr M ((-l) Nt q~ d x^x^x^x!t), (V.10) 

respectively. 

• (I) Character of J~{ a ;P) f or ® Z. Since r]Q,r] 2 are not defined on this module, it is 
expected that F^p) is an irreducible highest weight C/ g [^(2|2)]-module. Thus, we 
have 

Conjecture 1 : We have the identification of the highest weight U q [gl{2\2)]-modules: 
JF (a;/3) ^ V(aA 1 + (1 - a)A 2 + (4/3 + 2 - a)A 4 ) for a^Z and arbitrary (3 , 

where and throughout V{\) denotes the irreducible highest weight U q [gl{2\2)]-module with 
the highest weight A. 

Proposition 4 : The character and supercharacter of ' J-{a-,p) are 
Chr (q,x 1 ,x 2 ,x 3 ,x 4 ) 



^^.j,^,^,^ n°°-i(i - q n Y 

v "V Mi 2 +j 2 +k 2 -2kj+i+j+k) a+j l- a +i-k-j AW+2-a+2i-2j+2k) 

x / , q 1 x 1 x 2 x 3 x 4 , 

i,j,kez 

q \a(2p+l) 



Sch? (q,x 1 ,x 2 ,x 3 ,x 4 ) 



: L ' z ' °' 47 n^=i(i-g n ) 6 



i,j,kez 
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• (II) Characters and supercharacters of KKerjr. CKerjr, KCokerjr.^ and 
CCokerjr,^ for * = (0, 1), (1,0), a G Z. In this case, t/q and T)q are well defined. 
We shall calculate the characters and supercharacters of these modules by using the 
BRST resolution §. 

Let us define the Fock spaces, for i 1; l 2 G Z 

spihM _ m TP 
((0,l);/3) ~~ Wi,j,keZ r P+i, -fi-i+j, P~j+k, -0-k; i-j+h, k+l 2 i 

<ir(h,h) _ m 771 

r ((l,0);/3) ~~ <&i,j,keZ-r P+l+i, -P-l-i+j, P+l-j+k, -/8-fc; i-j+h, k+hi 

<r-(h,l2) _ m zTi 
(a;P) ~ w i,j,kEZ-F P+l+i, -fi-l+a-i+j, P-j+k, ~P~k; -a+i-j+h, k+l 2 - 

We have ^y^j = F{*;P)- It can be shown that if Q and £q intertwine these Fock spaces in 
the following fashions 

1 . rAh,h) _^ <rr(h+l,h) 2 . ^(h,h) _^ <Ah,h+i) 

'/O • • r (*;/3) *■ • r (*; / 8) ' "o ■ ^ (*;P) ' 

tl <r(li,h) _ r(h-l,h) p2 <r-{h,h) ^{h,l 2 -l) 
^0 • y "(*;/3) *^(*;/3) ' ^0 • • / "(*; / 9) (*;/?) 

We have the following two BRST complexes: 

|0 |0 (V.ll) 

Q£-i =t ?o ^(Z^) Qh = *>° T {h+l,h) Q h_v£po 
^(*;/3) * ^(*;/3) 



and 

(2) -n 2 (2) -n 2 (2) -r7 2 

> ■ / >;/J) * ^ (*;/?) > 

|0 |0 (V.12) 

(2) -n 2 (2) -n 2 (2) -n 2 

^ (*;/?) ** ^ (*;/?) y 

where O is an operator such that — ► ^f*-p)i anc I moreover O commutes with the 
BRST charges Q\ and Qz ■ Then, 

Proposition 5 : 

Ker (i) = Im (i) , i = 1,2, for any I 6 Z, 

tr(0)\ Ker (i) = *r(0)| Jm =tr(0)| Cofcef . . (V.13) 
Q i Q i-\ Q i-i 

Proof It follows from the fact that r/^o + CcWo = 1> (^o) 2 = (£o) 2 = an d ^o^o (£0^0) are 
the projection operators from F^'pf to Ker^e, (Coker q(»))- 

By proposition |], we can compute the characters and supercharacters of KKer^, g) , 
CKerp.py KCokerjr. and C Coker jr. for * = (0, 1), (1,0), a G Z. We have 
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Proposition 6 : The characters and super characters of KKer^ {01) . g) , CKer^ {(ol) . 0) , 
KCoker T((o iyfj) and CCoker^ ((oiy0) are given by 

1 oo 

c^ (0il)iW (g,x 1 ,x 2 ,x 3 ,x 4 ) = — e (-iy^ q ^-^ 

1 In— lv y / 1 1,12= i 

/ ^ ^ 1 2 3 4? 

i,j,kez 

1 oo 

Cfe C ^ ((01) . <8) ( g ,x 1> x 2> X3,x 4 )= E {-l)^ q ^^ 

lln=lV- 1 « / ii,J 2 =l 
X E g5 (i2+j2+fc2_2fcj+(1+2Zl)i ~ (1 ^ 

1 oo 

Ch K Co k ^ (m) (g, *!, X 2 , X 3 , X 4 ) = Ei(1 _ gra)6 ^(-1)'^^) 

x E g^+^+k 2-2 ^ 1 " 2 ' 1 )^ 1 "^ 

1 oo 

I C|2 i ;2 



Cfe C c^ ((0|1)ig) ( g ,x 1 ,x 2 ,X3,x 4 )= E (-l^V^ 2 ^ 

lln— 11 y / ii,/2=l 



and 



x E g5 (i2+j2+fc2 ~ 2fcj+{1+2/l)i_(1+2 ' l)i+a ^ 



1 oo 

5 ^*«W> * 2 ' **) = Ei(1 _ gra)6 ; £ 

i,j,kez 

x T i T i-fc T -Jr (4/3+2i - 2i+2fe) ' 
/s x | J 9 Xq X4 

(?, -i, * 2 , x 3 , x 4) = Ei( ;_ gn)6 z_(-i)™ q w^-» 

x ^ ^_ 1 y-j+fegi(i 2 +j 2 +A : 2 -2fci+(l+2« 1 )i-(l+2«i)i+(l-2« 2 )fc) 

x r i T i-fe T -- ? r {4/3+2i " 2i+2fc) 

i oo 

gcfe TOofcery((oi)i<>) ( g ,X 1 ,X 2 ,X3,X4) ^ (1 _ gn)6 E 



*i,i 2 =l 



x 2^ H-lj- -""g 
ij,fcez 

/\ x i x 2 x o x^ 



1 00 



p «o,w" 1! z ' J ' 4/ n~=i(i-y^ 6 



h,/ 2 =l 



x ^ ^_iy-i+ fe g i 2 -( i2 +i 2 + fe2 -2fci+(i+2h)i-(i+2h)i+(i+2«2)fc) 
i,j',feez 

/\ x^Xn X3 X4 
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Proposition 7 : The characters and super characters of KKer^ 10) . g) , CKer^ {(10) . g) , 
KCokerjr ((i oyfj) and CCoker T((i ayfj) are given by 

± (2/3+1) oo 

ch KK ( q , Xl , X2 , X3 , X4 ) = E (-iy^ q ^- 1 ^ 

ll n =lV- L y / !i,J 2 =l 
X ^ g ^(* 2 +i 2 +fe 2 -2fci+(l-2« 1 )i-(l-2/ 1 )j+(3-2/ 2 )fc) x i x ^fc x l-i^4/3+3+ 

i,j,keZ 

±(2/3+1) oo 

((1 , 0);/3) (<Z, -1, -2, *3, X 4 ) = n J (1 _ gW)6 ^EH)' 111 ^^^-' 2 ' 

x V ^ 2 +J 2+fe2 -2fcj+(i+2h)Mi+2/i)j+(3-2/ 2 )fc^^ 

/ y 1 2 3 4 ? 

jj,fcez 

±(2/3+1) oo 



h,i2=l 

x E g5 (i2+j2+fc2 ~ 2fcj+(1 ~ 2Zl)i ~ (1 ~^ 



±(2/3+1) oo 

Chccoker^Jq^X^Xt) = „J ( , _ ^ E (-l)^^^ 

h,h=l 



- ( (i,o );/ 3) ------ — - n~=i(i -<f 

x E g3( i2+j ' a+fca ~ 2fcj ' + ( 1+2,i > i- ( 1+a ^ 



and 



±(2/9+1) oo 

ii,i 2 =i 



x ^ ^_ 1 ^l+j-j+fe^i(i 2 +j 2 +fc 2 ~2A : j+(l--2/i)^(l-2/i)j+(3-2/ 2 )A : ) 



v -J' i-fc-.l-j' W+3+2i-2j+2fc) 



± (2/3+1) oo 

^ (g, x t , x 2 , s 3 , x 4 ) = g _ E (-l)^g^ + ^ 2) 

iir^ii- 1 - y ; /i,/ 2 =i 



^ ^_iy+i-3+k n ^(i 2 +j 2 +k 2 -2l.j + ' I -2/ 1 +2/j i/-i:{-2/ 2 )/,-) 



j,j,fcez 

v -J_ i-fc_l-j' (^J+3+2i-2j+2fc) 
/\ x ^ x 2 x g x ^ 



5 

1(2/3+1) 



lln=ll 1 y / ii,i 2 =l 



x ^ ^_l) 1 + i -i+ fe g5( i2 +i 2 + fe2 -2fei+(l-2«i)j-(l-2/i)j+(3+2/ 2 )fc) 

i,j,fcez 

Y ^i^-fc^l-i^( 4 / 3 +3+2i-2j+2fe)- 
/\ x i x 2 x g x^ 

±(2/3+1) oo 

scw r , ((1 , 0);5) (?, *i, * 2 , x 3 , X4 ) = n J (1 _ gTO)6 Ej-iy'V^ 

x ^ ^_l) 1 + i -i+ fc g5( i2 +i 2 + fc2 -2fci+(l+2/l)i-(l+2h)i+(++2« 2 )fc) 

ij'.feez 

v ~3„i-k-j-.W+3+2i-2j+2k) 
/\ x ^ x 9 
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Proposition 8 : The characters and super -characters of KKer^ fj)! CKer^ (a . p) , 
KCokerjr ^ and CCoker^ ^ for a G Z are given by 



±a(2/3+l) oo 

Ch KK ( q ,x ltX2t x 3t xt)= 9 E (-i)^,^^-^-^ 

lln=ll ± « / h,l 2 =l 
x ^ ^i(j 2 +i 2 +fe 2 -2fci+(l-2h)i+(l+2h)i+(l-2« 2 )fc) 

v l-a-H-fc_-j',-(^+2-a+2»-2i+2fc)] 

±a(2/3+l) oo 

iin=il i y J l lt l 2 =l 

x ^ ^i(j 2 +i 2 +fe 2 -2fci+(l+2« 1 )i+(l-2« 1 )i+(l-2« 2 )fc) 

v ™"+i™l-a+i-fc™-i™(4/3+2- a +2i-2j+2fc)l 

±a(2/3+l) oo 

lln=lV 1 y / h,«2=l 
x ^ ^i(j 2 +i 2 +fe 2 -2fci+(l-2« 1 )i+(l+2«i)i+(l+2« 2 )fc) 



v -j„(4/3+2-a+2i-2j+2fc)l 
A X 1 X 2 J/ 3 X 4 J , 



±a(2/3+l) oo 

Hn=lV A y ) h,l 2 =l 
x ^i(j 2 +i 2 +fe 2 -2fci+(l+2« 1 )i+(l-2« 1 )i+(l+2« 2 )fc) 

i,j,kez 



/\ X ^ X 2 X g X ^ 



h?' 1-a+i-fc -j' (4P+2-a+2i-2j+2k) 

and 



±a(2/3+l) oo 

Sch KKe ( g ,x 1 ,x 2 ,a;3,X4)= g E (-l)^^ 2 ^^-(i-^-,) 

1 1^=1 y j Ji,i 2 =i 



N ^ ^_ 1 ^l-a+i-j+fe^i(i 2 +i 2 +fc 2 -2fej+(l-2«i)i+(l+2h)i+(l-2« 2 )A ; ) 



i,j,keZ 



v _a+j _l-a+i-fc - j (4/3+2-a+2i~2i+2fe)l 
A X 2 X 3 X 4 J , 



„ia(2/3+l) oo 

gcfec^ ( g ,X 1 ,X 2 ,X 3 ,X 4 )= i E (-l)^S^ (if+ ^ + (1 - 2Q)il - i2) 

ll„=i^ y J il)j2= i 

x ^ ^_]y-a+i-j+fc ?2 -(i 2 +j 2 +fc 2 -2A^ 

jj,fcez 

v _a+j 1-a+i-k-j (4(3+2-a+2i-2j+2k) 
/\ x ^ x 2 x g x 

±a(2/3+l) oo 

Sc/^o, ( g ,X 1 ,X 2 ,X 3 ,X 4 ) = -J _ E (-l)'^,^^-^)^) 

n n =i\ l y J h,«2=i 

x ^ ^_^l-a+i-i+fc^i(j 2 +j 2 +fe 2 -2fci+(l-2ii)j+(l+2/i)j+(l+2/ 2 )fc) 

i,j,fcez 

v „a+J„l-a+i-fc„-J„W+2-a+2i-2j+2fc) 
/\ x ^ x 2 x g x 
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±a(2/3+l) oo 

Sch CCok ( q ,x u x 2 ,x 3 ,x 4 ) = -J E (-i)^ g i«+«+a-*«)^) 

x ^ ^_^l-Q+i-i+fc^|(j 2 +j 2 +A: 2 -2fci+(l+2h)i+(l-2/i)j+(l+2/2)fc) 
v «+j^l-a+i-fe^-j^(4/3+2-a+2i-2i+2fc) 

Proof. We sketch the proof of these three propositions. Since g^x^x^x^x^ 4 and 
(-l^/g-^x^x^ 4 commute with the BRST charges Qf and [Q^ , Qf] = 0, the 
trace over Ker and Coker can be written as the sum of trace over The latter can 



be computed by the technique introduced in ET 



Note that ^vgj = J~(*;p-x), we have 
Corollary 1 : The following relations hold for any a G Z and /3, 

ChcCokerr, = CflKKer? , (V-14) 

Schccokerj, = Sch KKer . (V.15) 
Now, we study the U q [gl (2\2)}-modu\e structures of T{*$) for * = (0, 1), (1,0), a G Z. 

Set 

A° = A + 4/3A 4 , = A 3 + (4/5 + 3)A 4 , 

\ a> p = qAi + (1 - a)A 2 + (4/5 + 2 - a)A 4 , for a G Z, 

for arbitrary /3 and 

|A° >= |/3, -/3, 0, -P- 0, >G ^((o.ij-js), 

|AJ >= |/3 + 1, -p - 1, p + 1, -/3; 0, >G ^ ( (i,o);/9), 

| Aq.,/3 >= |/3 + 1, -/3 - 1 + a, P, -P\ -a, >G ^( a;/ 3), a G Z. 

The above vectors play the role of the highest weight vectors of f/ 9 [pZ(2|2)]-modules in the 
Fack spaces Tu-m with * = (0, 1), (1, 0), a. G Z. One can verify that (Z = 1,2 below) 

^q|A? >= 77o|A| >= ^|A a)/3 >= 0, for a = 0,-1,-2,.-., (V.16) 
Vo\K,f3>=0, 7^|A ai/3 >^0, for a = 1,2,.... (V.17) 

It follows that the modules KKer^ ((oiy/3) , KKerjr . are highest weight U q [gl{2\2)}- 
modules with highest weights A°, A| respectively, while KKerj?,~ (a = 0, —1, —2, • • ■) 

and CKer^, g) (a = 1, 2, ■ • •) are highest weight f/ 9 [pZ(2|2)]-modules with highest weights 
\ at p. We denote them by V(X°q), V(XV) and V(\ a ,p), respectively: 

V(X° p ) = KKer^ ol):0y V{Xl)^KKer Tm , 
V(X a ,p) = KKer T , sv for a = 0, -1, -2, • • • 



CKer^ {a0) , for a = 1,2,3,.... 



It is expected that the modules V(Xp) , V(XV), V(X a ,p) are also irreducible with respect 
to the action of U q [gl{2\2)]. Namely, 
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Conjecture 2: V(A]g), V(X 3 ^) and V(X a ^) are the irreducible highest weight U q [gl{2\2)]- 
modules with the highest weight A° ; A| and \ a ^, respectively, i.e. 

V(\ a ,p) = V(\ a>l3 ), aeZ, (V.18) 
V(A°) = V(Ag), V{Xl) = V(AJ). (V.19) 



V.2 Vertex operators of [/ g [^/(2|2 

In this subsection we study the action of the type I and type II vertex operators of 
U q [gU2\2)\ on the highest weight C/ ? [^(2[2)]-modules. 

Using the bosonic representations of the vertex operators ( |III.16|) , we have the homo- 
morphisms of C/ 9 [p/(2|2)]-modules: 

° ■* F(a-l;f3) ® V z , 

+ V g ®F(a-i if », (V.20) 

r*S 



m : 


(a;/3) 


V>(z) : 


^(a;/3) 


<jf{z) : 






(«;/3) 



(V.21) 



Then we consider the vertex operators which intertwine the highest weight U q [gl(2\2)}- 
modules by using the above results. For a G" Z, we have by conjecture 1: 

Conjecture 3: The following vertex operators associated with the level-one irreducible 
highest weight U q [gl(2\2)]-modules exist: 

: nVfl)— l?^(W). (V-22) 



for a Z. 

It is easy to see that the bosonized vertex operators ( |111.16| ) also commute (or anti- 
commute) with 7/q and t]q. Noting this property, the homomorphisms ( |V.20| )- (|V.21|) and 
conjecture 2, we have 

Conjecture 4: For a G Z, t/ie following vertex operators associated with the level-one 
irreducible highest weight U q [gl{2\2)]-modules exist: 





[z) : 


V(A ajj g) - 


-> ^(A a -i,/j) ® 


a ^ 1, 




i,P . 


V{\a,p) - 


-> V^® V(A a _i,y3), 


a ^ 1, 




[z) : 


V(A a)y g) - 


- v(a q+1i/3 ) ® v; 5 , 


a ^ 0, 




-l,/3 . 


^(A Q)( g) - 


^f; 5 ®\/(a q+1i/3 ), 


a ^ 0. 



(V.23) 
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Appendix A 

In this appendix, we give the normal ordered relations of the fundamental bosonic fields: 

: e Hl{z '' Pl) :: e H3(w '' P2) := (z - wq Pl+f32 ) a ^ : e Hl ( z ^)+ HJ (^A) . 
: e H1{z](3l) :: e H * Hw]M := (z - wq^ +p2 ) Sij : e Hi (^A)+H^{w;i3 2 ) . 
: e H " {zM :: e HHw](32) := (z - wq 01+02 ) Sij : e H "( z M+ HJ (^2) . 
: e H * 1{z ' A) :: e H * 2N ~ 1(w ' A) :=: e H * 1 {^)+ H " 2N - 1 {^) . 

. e B 2N (z;^) .. e H'(w,(3 2 ) ._. ^(wtfi) .. e B 2N (z;/3i) ._. & B 2N (ztfi )+H i {w;p 2 ) . 

: e Bl(z;/3l) :: e H ^ w ' ,32) :=: e H ^ w '^ :: e Bl(2;/3l) :=: e Sx(«;/9i)+H<(w^ 2 ) . 

. e B 2 iv(^;/9i) .. e B 2N (^;M . = . e B 2N {wtf 2 ) .. e B 2 iV^;/3i) ._. e B 2 iV^;/3i)+B2iv(^;/32) . 

: e Bl(z;/3l) :: e Bl ^ w ''^ :=: e Bl ^ w ''^ :: e Bl{z ' ,Pl) :=: gSiO^O+SiO^/fe) . 

. e B 2 iv^;/3i) .. gff* 21 - 1 ^;^) . = - —q^+fo) ■ e B 2 N{z;Pi)+H* 2l -\w;f3 2 ) . 

. e B 2 iV^;/3i) .. e H* 2l (w;(3 2 ) ._. e B 2 iV^;/3i)+^* 2 '(»«;/32) . 
. e c*(*) .. e c«'(*) . = ^ _ ^*„, . e c'(,)+/W . ) 

where i, j = 1, 2, ■ • ■ , 2iV - 1 and Z, Z' = 1, 2, ■ • ■ , JV. 
Appendix B 

By using Theorem 1, the integral expressions of the bosonized vertex operators ( |IH.16|) 



and the technique in |22||, one can check the following relations 



For the type I vertex operators: 



[(f> k (z), /,] = if k ^ Z, Z + 1, [^{z), fi)^ = 0, 

= (-l)ty,(z), 
e,] = if fc ^ Z, [0,(z), e,] = -q hl 4> l+1 {z), 

q hl Uz)q~ hl = q^Mz), 

q h ^k{z)q~ hl = </> k {z) H 1,1 + 1, q h ^ l+1 (z)q- h ' = q^ 1 <f> l+1 (z) , 
/,] = iffc^Z,Z + l, Wi + x(z)Ji\ q ^ = U, 

d] = if m z + 1, [0r +a (^),d] = (-i)y< +( -%(z), 
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q h ^l(z)q^ = <t>l{z) if M U + l, q hl tf +1 (z)q- hl = q { - 1)l+ \ 



For the type II vertex operators: 

[ip k (z),ei] = if k^ 1,1 + 1, [V'z+i(2;),e;] g( _ 1) (+i = 0, 

[Mz), /,] = if M Z + 1, //] = (-i) ,+1 <r A, ^(*), 

q hl ^)q- hl = q ( - lY Mz), q h ^i +1 (z)q- h ' = q+^^z), 
q h >Mz)q- hl =M?) if M 1,1 + 1, 



[r k (z), ei } = if k^ 1,1 + 1, [^(z),e l ] q{ _ 1)l =0, 

[r k (z), /,] = o if m i, w (*), /i] = -f ftrH) Vw(4 

W + i(z),ei] q i-Di = (-l) m g ( - 1} VrW, ^{z)q-^ = q { - l)l+X ri{z), 
q hi r k (z)q- hl = Mz) H 1,1 + 1, q hl ^ +1 (z)q- h > = q+^ +1 ^ +1 (z) . 
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